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Abstract.

Given asampling of pairs of points from afunction’s domain and range what can we say
about any mathematical properties, if any, of that function? For example, were the point
pairs related by afunction that is continuous? Or differentiable? Thisisthe same situa-
tion we are faced with when we apply standard statistical tools, like linear correlation,
except here we are asking more fundamental questions about the properties of afunctional
relation, rather than the form (linear, polynomial, etc.). We show here several statistics
that provide likelihood or confidence measures of each functional property given sam-
plings of point pairs. We apply these statistics to time-series reconstructions of attractors.
An important observation is that many commonly asked questions about properties of
such reconstructions are actually questions about more fundamental mathematical proper-
ties. Such questionsinclude, determinism in atime series, general synchronization
between attractors, the relation of afiltered or transformed attractor to the original one,
and whether two time series come from the same dynamical system (dynamical interde-

pendence).
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l. Introduction
Statisticians are often faced with the problem of having pairs of points sampled from a process

or experiment. Theimmediate question often is, what isthe relationship, if any, between the point
pairs? Thisis often viewed as the question, what kind of function relates the two data sets? A

typical test is a calculation of the linear correlation. If this quantity is near 1.0, the data sets are

considered linearly related. This is generalizable to multivariate data, say x 1 R" and yi Rm,

then x =Ay isthe possible functional relationship to be tested. Other statistical quantities and
tests have been developed for linear correlation. However, low linear correlation does not imply
other relationships do not exist.

We propose a more general test than testing for one type of functional model. We show that it
is possible to start with mathematical definitions of function properties and construct a statistic
which can be calculated from a sampling of point pairs from the function’s domain and range.
The statistic would then indicate whether the points are related by afunction with that property.

For example, we construct a statistic to test for the existence of a continuous function. Note,
we assume no particular functional form. We adhere strictly to the definition of continuity in con-
structing our statistic. A simple example of a situation where this test would be applied is shown
in Fig. 1. There we have a sampling of points from the domain (x) and range (y) of a possible
function. We ask the question what is the likelihood that these points were sampled from a contin-
uous function f: X ® y?

We can also ask the same question about differentiability, namely, were these points sampled
from adifferentiable function? Again, we create a statistic by adhering to the mathematical defi-

nition of differentiability.
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We can generalize this approach to functions on higher dimensional manifolds. One placethis

Fig. 1 A sampling of points from afunction

becomes important (and the original motivation for thiswork) isin the analysis of time series
reconstruction of attractors. Attractors exist on manifolds and when we have two simultaneously
measured time series we have the potential of their being related by afunction. One attractor can
be considered in the domain of the function (we will refer to that as the X space) and the other in
the range of the function (the Y space).

The importance of testing for continuity and differentiability come from Taken’'stheorem (11,
21, 22) and also from rephrasing common questionsin mathematical terms. The former is a state-
ment that one can reconstruct the tragjectory of a dynamical system in phase space from a single
time-series of data from the system. In fact the theorem states that there is a diffeomorphism

between the reconstructed tragjectory and the system’s actual trgjectory in its physical phase space



1/28/98 Pecora, Carroll and Heagy, Statistics for Continuity and Differentiability: An ...

— a diffeomorphism is a continuous, differentiable mapping between geometric objects whose
inverse is continuous and differentiable, too. Thus, for example, if we have two simultaneously
measured time-seriesin an experiment we might want to seeif there is a diffeomorphism between
them. If so, they are measurements of the same dynamical system, by Taken’s theorem. In this
way we would have answered the “colloquia” question, are the time series from dynamically
interacting parts of the experiment?

Other colloquial questions would include:

e Given onetime series, doesit come from a deterministic system? Such a system has the char-
acteristic that points nearby in phase space stay nearby at |later times (predictability). Thisis
just arestatement of continuity in forward time. Other determinism questions (Smoothness?)
can aso be raised. (For earlier related work on this see Ref. (7).)

» Doesatransformation of atime series (e.g. filtering) preserve certain dynamical invariants?

An example of thisisfractal dimension which is preserved under a C! transformation (20).

» Aretwo parts of adynamical system in general synchronization? Thiswould imply a one-to-
one (smooth, perhaps) transformation would exist between their trgjectory reconstructions (1,
17). Thisisthe same as asking if the trgjectories are related by a continuous (and differentia-

ble) and inversely continuous (and inversely differentiable) function.

In statistics we may ask the “colloquia” question, is ameasurable variable y predictable from
values of other (multivariate) variables, say x? We usually mean here that when the multivariate
variables x are near a set of values they all had before, then y is near the value it had for the prior
cases, too. Thisisshown schematically in Fig. 2 and is the minimum we would hope for in order

to have any theory or data fitting.
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We note that although others have suggested statistical quantities which show relations
between data sets and reconstructed attractors (8, 16, 17), with the exception of Kaplan (7), none
attempts to determine the actual mathematical properties of the function (if any) relating the data

sets as we do here.
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Fig. 2 Schematic diagram showing predictable dependence of avariabley on other multivariate

data x, the latter being represented by the flat plane. Nearby x points map to nearby y values.

In the next section we derive the statistics for testing for continuity and differentiability. We

refer the reader to our longer paper for more details (12).
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Il. Topological Statistics

A. Continuity statistic
Our goal isto develop simple statistics that (1) are clearly connected to the one mathematical

property they measure and (2) have a separate statistical hypothesis associated with them. Crite-
rion number (1) guarantees that we are sure what property we are testing. Number (2) guarantees
we know what we are using as agauge of that property. These goals are, in asense, reversed from
what one usually finds in the literature where tests which are an amalgam of mathematical proper-
ties and numerical algorithms are used to test for attributes which are derived. Although these
numerical tests can be useful, it is not always clear what mathematical property is being tested.

We are testing for continuity (C% and differentiability (C1). We give two separate statistical
tests, one for each property.

A test for continuity must start with the definition of continuity: the function f is continuous at
apoint xq if * €0 $ d>0 such that || x—Xg|l<d b |[f(x)—f(Xg)|[<€. Insimpler terms if we restrict
ourselves to some local region around f(Xg), then there must exist a local region around xg all of
whose points are mapped into the f(xg) region. From this definition we can generate an algorithm
to apply to time-series reconstructions.

Our reconstructions are matched in a“one-to-one” fashion (which we call f) in that for every
point X we have a corresponding point y; however, we do not know how pointsin local neighbor-

hoods are paired. We choose an € -sized set around afiducial point y,, we aso choose a d -sized
set around it's preimage . We check whether all the pointsin thed set map into the € set. If not,

we reduce d and try again. We continue until we run out of points or all points from a small-

enough d set fall inthe € set. We count the number of pointsin the € set (ng) and the d set (ng).

We do not include the fiducial pointsyg or Xq, since they are present by construction. Generally
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Ne® Ng.
We now choose the null hypothesis which helps us generate a probability that one should find

Ne and ng pointsin such an arrangement. Many null hypotheses are possible. We choose the sim-

plest, namely, that placements of the points on the x and y attractors are independent of each other.
This null hypothesisis not trivial. It istypical of what one would like to disprove early onin any
attractor analysis, namely that the data have arelation to each other. We will seethat it can show
much more.

Given the null hypothesis we approximate the probability of a point from the d set falling at

random inthe € set as p = ng /N, where N is the total number of points on the attractor. Then the

probability that ny pointswill fall inthe € setis pnd . We obtain alikelihood that this will hap-
pen by taking the ratio of this probability to the probability for the most likely event, ppinmax-

The latter is just the maximum of the binomial distribution for ny points given probability p for

each individual event. We seethat pnd issimply the “tail-end” of the binomial distribution. The

maximum generally will occur for some intermediate number of d points, say m(<ng ), falling in
thee set. If pnd <« Ppinmax: then the null hypothesisis not likely and can be rejected.

We define the continuity statistic asQz0 =1 — pnd IPpinmax: When Qc0 » 1 we can confi-
dently reject the null hypothesis. The pointsin the € set are behaving as though they are gener-
ated by a continuous function on the d set. When Q0 » 0 we cannot reject the null hypothesis
and the points are behaving as though they are independent. Note that if we run out of points (ny

=0), then we usually take the logical position that we cannot reject the null hypothesis and set Q0



1/28/98 Pecora, Carroll and Heagy, Statistics for Continuity and Differentiability: An ...

=0. Qc0 will depend on €, the resolution, and we will examine the statistic for arange of €s. To
get aglobal estimate of the continuity of f on the attractor we average Qc0 over the entire attractor
or over arandom sampling of pointsonit. We present those averages here.

For inverse continuity (i.e. continuity of f'l) we simply reverse the roles of the spaces (X and

Y). Now we examine the mapping of d set pointsinY into esetsin X. The statistical arguments

arethe same. We generate an inverse continuity statistic Q,0 which has the same meaning as Qc0,

except that it appliesto f1: Y® X.
B. Differentiability Statistic

The differentiability statistic is generated in the same vein as the continuity statistic. We start
with the mathematical definition of a derivative and apply it localy to the two reconstructions.
The generation of the linear map that approximates the derivative and the likelihood estimate
associated with it are more complex than for continuity. We show the details in our longer paper
(12). We only outline the differentiability statistic here.

The definition of aderivative at apoint X isthat alinear operator A existssuchthat " €>0$
d>0 for which || x—xgll<d P ||f(xg) + A(x—Xg) —f(X)|| < €] xXol|- This means that thereisalinear
map that approximates the function at nearby points with an error in the approximation that is pro-
portional to the distance between those points. Note that € serves a purpose here different from
continuity. Hereit bounds the error in alinear mapping; it does not signify a distance.

The algorithm that we generate from this definition is to first choose an € (error bound) and a
d. Then we find all the pointsin the local d set {x;} and their y counterparts {y;}. We approxi-
mate the linear operator A as the least squares solution of the linear equations A(Xi—Xg) = (Yi—Yo)-

The solution is accomplished by singular value decomposition (SVD) (12). The least-squares
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approach appears to be the best since it minimizes the errors in the approximation which is just
what €is supposed to bound. We check if || yi—yo—A(Xi—Xg) || < € || xXol| for eachi. If not, we

decrease d and try again with fewer, but nearer points. We continue this until we have success or
we run out of points.

We choose the null hypothesis that the two sets of vectors{x;} and {y;} have zero correlation.

Weshow (12) that this generates alikelihood that any two such sets will give the operator A “by

1 2
‘2(”d —Tx)(ny—ry)red

accident” as e , Where r2 is the usual multivariate statistical correlation

between {x;} and {y;}, d=min(ry, ry), and r, and ry are the ranks of the x and y spaces that come
out of the SVD (12). Thisisan asymptotic formula. The differentiability statistic Qc1 isgiven
by one minusthislikelihood. When Q¢1 » 1 we can reject the possibility that the points are acci-
dentally related by a linear operator, a derivative. When Qc1 » 0, we cannot reject the null
hypothesis. As before, when we shrink d so small that no points other than X remain, we set Qc1
=0. Anaogousto Qc0, the statistic Q.1 dependson €. Wetypically calculate Q1 for arange of
€'s and average over the attractor or over arandom sampling of pointson it.

We now have two statistics Q0 and Q1 that we can use to test for continuity and differentia-
bility in data sets. We will mostly concentrate on the continuity statistic, since the differentiability
statistic followsit very closely in many cases, although we show one example for which thisis not
the case. Wegiveall eand d valuesin units of the standard deviation of the reconstructed attrac-
tor, so that, for example € = 1.0 is an € set with radius of one standard deviation. For all of our

studies so far this seems to be a good normalization for set sizes.

Similar to Q,0 we develop a statistic for the differentiability of the inverse function fLy® X,

10
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by reversing the roles of X and Y. We now examine linear maps on d sets in Y which map to

nearby pointsin X. Theinversedifferentiability statistic is called Q;1 and it has the same meaning

as Qcl.
C. Putting it all together

We are now in a position to make statistical arguments for pairs of (multivariate) data points
being related by a function which may have several different properties. It may be simply contin-
uous. It may have a continuous inverse. It may have both continuities, in which case we can
make an argument that it is a homeomorphism and all topological quantities will be invariant
under it, i.e. whatever topological property the X data points have, the Y data points have.

Similarly, should the function pass continuity tests, we can test for differentiability of the
function or itsinverse. Should both differentiability statistics be high (»1), then we can argue that
we have data points related by a diffeomorphism, i.e. local metric properties (like fractal dimen-
sion) are preserved.

We should aways keep in mind that we are not making statements about the absolute continu-
ity or differentiability of function, but only the continuity or differentiability relative to the small-
est €s and d's for which are statistics are good. That is, we always have a resolution limit
associated with an argument for these properties. A good question is, if afunction can be shown
to be continuous or differentiable at some level of resolution, are all topological properties that
can be calculated at or above that resolution invariant? We suspect the answer is ‘yes,’ but we

cannot proveit.
lll. Applications

A. Continuity vs. linear correlation Lorenz x and z time series
To help clarify the use of these statistics we first present two cases, one in which we compare

11
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Q0 tothe usual statistical linear correlation and another in which we compare Qc0 to Q1.

Fig. 3 shows a plot of x and z time series taken from a Lorenz system running in the chaotic
regime (s=10, b=8/3, and r=60). If we calculate the linear correlation or cross correlation
between these time series for various time delays (including zero) we will find that the correlation
isvery small. For example for 5000 pointsit islessthan 0.085 for any timelag. The multivariate
linear correlation calculated from time-delay reconstructions using the x and z series would show

the same low correlation, asis easy to see from the form of the time-delay method.

Z

twro standard
| devistions |

desiations

0.2 standam

X

Fig. 3 Plot of the x and z time series, along with two measure bars showing the size of the maxi-

12
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mum e set used and the smallest e set at which the continuity statistic from x to zwas still near
1.0.

If we now calculate Q-0 using 4-dimensional reconstructions from the x and z series (5000
points) we see something entirely different. Fig. 4 shows Q:0(e) vs. e. The statistic is quite high
(> 0.8) down to an e of about 0.1 standard deviation. Fig. 3 shows the size of e sets of two stan-
dard deviations in diameter and of 0.2 standard deviationsin diameter. This shows that down to a
fairly small resolution, with a small number of data points, we can establish that the mapping
between the x attractor and the z reconstructed attractor is continuous, i.e. f: x attractor ® z attrac-

tor is continuous. It turns out that the differentiability statistic Q¢1 is aso quite high down to

errorsin the linear operator on the order of 0.2.

13
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Fig. 4 Continuity and inverse-continuity statistics for the x attractor to z attractor mapping.

On the other hand, the inverse map f~: z attractor ® x attractor is not continuous (see Fig. 4).
Thisis not surprising since the zcomponent of the Lorenz system has a two-to-one relation to the
x and y components in that the vector field is invariant to changing the signs of x and y. This
means that +x values will map to roughly the same point on the z attractor or, equivaently, each
point on the z attractor maps back to two points on the x attractor. Thisisadiscontinuity and the

statistic shows this. The statistic Q0 is not zero since sets of finite d size near the x origin will

14
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have points that can map into the same e s&t.
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Fig. 5 A plot of the Welerstrass function used to test the continuity and differentiability statistics.
B. Differentiability of sampling of Weierstrass function

In our next test we examine a function that is continuous, but not differentiable, the Weier-

strass function. We show this function in Fig. 5. The “time series’ are just the points on the

abscissa (X) and the corresponding function values on the ordinate (Y). Here there are no attrac-

tors to reconstruct from the time series; instead there is only afunction from R® R. This shows

that the statistics can be applied to any function given pairs of pointsin the domain and range.

15
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Fig. 6 Continuity and differentiability statistics for the Weierstrass function.

The continuity and differentiability statistics are shownin Fig. 6. The continuity statistic even
for only 1000 points starts high and degrades slowly with decreasing e. As we add more points
(up to 4000, in this case) the continuity improves. Thisisalso acharacteristic of afunctional rela-

tion that istruly continuous. A function that has many discontinuities will not have Q0 increase

16
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as the amount of data increases.
On the other hand, the differentiability statistic starts very low and quickly goesto zero. This

indicates that the function is not differentiable (we cannot reject the null hypothesis for Qg1).

Thus, Qc0 and Q1 do measure different properties.

C. Dynamical Interdependence

An interesting situation, especialy regarding chaotic systems, is that of generalized synchro-
nization (1). Thisoccurswhen two parts of acoupled dynamical system have the same dimension
(same number of dynamical variables) and their respective trajectories or phase space points are
related in a one-to-one smooth fashion. That is, there is a diffeomorphism between them.

In the usual synchronization (1-6, 13, 15, 18, 19) the subsystems of a dynamical system are
equal at each time step (e.g. x=y in time series). In this case the function relating the parts of the
dynamical system acts like the identity mapping, which is a diffeomorphism. However, Afrai-
movich showed that this can be relaxed to a situation as in the previous paragraph. Recent work
by Rul’kov et al (17) has shown that one can devise a statistic (based on the fal se-nearest-neigh-
bor method (9, 10)) which can detect such general synchronization. We have shown that our con-
tinuity and differentiability statistics can do the same and at the same time specify the type of
relationship (homeomorphism or diffeomorphism, for example) and the resolution at which one

can be confident that the function has these properties (12).

17
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Fig. 7 Continuity statistics for the mapping between attractors reconstructed from a L orenz x and

a simultaneously measured Lorenz y time series which, combined with Fig. 8 shows that the two

arerelated by adiffeomorphism and therefore the time series must come from the same dynamical

system.

We take these ideas further here by noting that generalized synchronization, especialy as

determined from time series reconstructions, is really a particular type of dynamical interdepen-

dence. Since, generically, by Taken’s theorem we can measure two different dynamical variables,

say x and y time series, and reconstruct the same attractor, up to a diffeomorphism, measuring any

two dynamical variables in a system should yield attractors that have high Qg0, Qc1, Q,0, and

Q1. We note this is a generic statement and there are times it will fail, as in the above test

18
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between Lorenz x and z time series.
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Fig. 8 Differentiability statistics for the mapping between attractors reconstructed from a Lorenz
x and a Lorenz y time series which, combined with Fig. 7 shows that the two are related by a dif-

feomorphism and therefore the time series must come from a dynamical system.

We test the idea of dynamical interdependence on a Lorenz x and y time series (28,000
points), both of which can reproduce an equivalent Lorenz attractor. Fig. 7 shows Q-0 and Q,0 for
the attractors reconstructed from the Lorenz x and y time series. We see that the continuity and
inverse continuity remain high down to e radii of ~ 0.07 standard deviations. As we saw above
these are small sets on the attractor and hence we can be confident down to fairly small resolutions

that our attractors are related by a homeomorphism.

19
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Likewise the Q-1 and Q,1 statistics (Fig. 8) remain high down to errors (e) on the order of 0.1
standard deviation. This means our function relating the two attractors is smooth and the attrac-
tors are probably related by adiffeomorphism. If these were two time series taken simultaneously
in an experiment, we would conclude that they came from the same dynamical system, i.e. they
are dynamically interdependent.

D. Determinism
Asour last example we show how Q¢0, Q¢1, Q,0, and Q,1 can be used to test for determinism

inatime series. Inthiswork we are very close in spirit and sometimes in actual practice (at least
asfar asforward, primitive determinism) to the paper by Kaplan (7), which gives agood introduc-
tion to the general idea of using continuity properties for determinism tests.

We note here that determinism at its most primitive level smply requires phase-space points
that are closein the present to be close in the future. Thisisforward determinism and is tested by
calculating Q0 for atime series reconstruction (X) and its forward, time-shifted version (Y). We
can also test for forward, smooth determinism by calculating Q1 on the same two time series.
Invertible dynamics can be tested for by calculating Q,0 (primitive, reverse-time determinism) and
Q1 (smooth, reverse-time determinism). Thus, associated with each level of function property
(where we restrict the function properties with each level), is a corresponding determinism.

Calculation of such levels of determinism could be useful if one were proposing to model a
system on which experimental time serieswere available. This could dictate the level of model to

use.

20
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Fig. 9 The points on the Lorenz attractor in forward time where Q-0, Qc1, Q,0, and Q,1 were cal-

culated to check for various forms of determinism.

We used a Lorenz x time series to test for the various levels of determinism. We chose 100

points at random on the reconstructed attractor, then calculated the average of each statistic for

points both forward and backward in time at time steps of 1, 2, 4,...2", n=6. One time step was
approximately one-quarter around the typical oscillation of the Lorenz system. Fig. 9 (from Ref.

(12)) shows the points on the attractor relative to one, typical starting point. Fig. 10 (from Ref.

21
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(12)) shows the statistics. We see that, given this time series, we would conclude that it was from
a forward, smooth deterministic system. The reverse determinism is not as good, but is still
present. The Lyapunov exponents determine the limits of forward and reverse determinism. The
forward determinism is limited by the maximal positive exponent and the reverse determinismis
limited by the minimal (in the sense of most negative) Lyapunov exponent. The most negative
Lyapunov exponent of the Lorenz system is much larger in magnitude than the most positive.

This probably accounts for the poorer values for the reverse determinism (Q,0 and Q,1).
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Fig. 10 The statistics Q¢c0, Qc1, Q,0, and Q,1 which show the level of primitive determinism,
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smooth determinism in forward time and invertible primitive determinism and invertible smooth

determinism in reverse time.

IV. Conclusions and Remarks
We see that we can define statistics that address the question of whether data sets are related

by functions with fundamental mathematical/analytical properties. This is a more general
approach than asking whether the data are related by a particular type of function (e.g. linear map)
or the data are distributed according to a particular type of probability distribution (e.g. Gaussian).
In testing data sets, it would seem wise to also test for general properties to determine first,
whether there is even a tractable relation between data sets, and second, what level of function
properties can be assigned to the relation (e.g. continuous? differentiable?).

Obviousdly, we can extend this work in two ways. One is to derive statistics for other mathe-
matical properties, like twice differentiable or Lipshitz. The other way is the use other null
hypothesesto generate our statistics. We have developed another continuity hypothesis, for exam-
ple, which will appear elsewhere (14).

A particularly challenging direction would be to create more robust versions of the statistics
and/or null hypotheses, so we can make conclusionsin the presence of noise, much asis done now
with linear correlations, ARMA modelling, and analyses of probability distributions. We have not
investigated this possibility, but we do feel it would be very useful and in some cases absolutely

necessary in order to use these statistics on actual data and experiments.
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